Abstract. The formulation of supermembrane theory on nontrivial backgrounds is discussed. In particular, we obtain the Hamiltonian of the supermembrane on a background with constant bosonic three form on a target space M9 × T2.
Introduction
The supermembrane action was obtained in [1, 2] using the superspace formalism, it is a generalization to 11 dimensions of the Green-Schwarz action for strings. The supermembrane, or M2-brane, is an extended bidimensional object evolving in a target space and acts as a source of supergravity in 11 dimensions. Moreover, the kinetic terms of the five the consistent superstrings theories in 10 dimensions can be obtained from the action of the M2-brane. The gauge potential that couples to this 2-brane is the 3-form of supegravity.
In [3] , the authors studied the particular case when the background is a flat superspace. They found the expressions for the supervielbeins in the worldvolume of the supermembrane and the different components of the super 3-form in this specific background. The bosonic component was set to zero. Under these assumptions, in [4] they were able to obtain the action and its symmetries, the equations of motion, the supercurrent, and therefore the superalgebra of the theory. It is worth to mention that the requirements that [3] assume, in order to obtain the components of the super 3 forms related to the flat superspace, can also be satisfied when the bosonic component is not zero but constant. This case may be relevant if we aim to study the theory with a non trivial topology in the background, which can be the case of a spacetime with compactified dimensions.
Later on, in [5] it was studied the hamiltonian formulation of the supermembrane evolving in a general background. They first found the bosonic part of Hamiltonian and then, with a method known as gauge completion, they added the fermionic contributions until second order in the fermionic variables. In that work, they found that the Hamiltonian has a non trivial dependence on the non physical variable X − in the light-cone coordinates. Furthermore, any intent to solve the constraints of the theory and find X − leads to non local expression. For this reason they could not decouple, in a local way, this non physical degree of freedom from the hamiltonian.
In this work, we study the Hamiltonian formulation of the supermembrane evolving in a Minkowski background M 9 × T 2 with a constant bosonic three form. This work is organized as follows: in Section 2 we write the supermembrane action in general curved background and explain some their symmetries. Then, in Section 3 we first find the Hamiltonian formulation of the supermembrane in the particular case in which the metric of the superspace is Minkowski with a constant bosonic 3-form. We solve the problem associated with the dependence of the X − variable in the Hamiltonian and finally we write the mass operator of the theory. We also verify the consistence of the chosen background using the equation of motion of the supergravity in eleven dimensions. Finally in section 4 we present a discussion of the results.
Supermembrane theory on a curved background
In this section we review well-known results found in [1, 2] . The action for a supermembrane evolving in a general background is given in terms of superspace coordinates X µ (ξ) and θ α (ξ)
where ξ i represents the world-volume coordinates, g ij = Π a i Π b j η ab is the induced metric of the world volume (η ab is the metric of the tangent superspace) and
Here M = (µ, α) and A = (a,α) represents the curved superspace index and the tangent superspace index, respectively.
This action is invariant under two local gauge invariances
• World-volume reparametrizations
• Local fermionic transformation (κ-symmetry)
where κ(ξ) is an arbitrary non constant spinor and Γ is defined by
and it does satisfy two main identities
The existence of this κ-symmetry in the action imposes strong conditions under the allowed backgrounds of the theory. Specifically, in a D = 11 superspace, the constraints imposed by the κ-symmetry over the four form field strength and the torsion two form
are given by
Here, the Λα is an arbitrary spinor which in eleven dimension we can be always set to zero. This constraints are related with the coupling of the supermembrane theory to the eleven dimensional supergravity.
Supermembrane theory on a generalized flat superspace
In this section we will study the Hamiltonian formulation of the supermembrane on a Minkowski space M 9 × T 2 with a constant bosonic three-form and T 2 a flat 2-torus. This will be done using the results of the previous section and the same procedure used in [4] . Then considering that the metric of the target-space is given by G µν = η µν the components of the supervielbein take the following form
Using this expresions for the supervielbein and the constraints (7)- (9) we can solve dC = H for C and obtain that the most general solution for this case is given by
Now, introducing (10) and (11)- (14) in the action (1) it can be shown that the most general action for this particular case is given by
The latter term in (15) is zero when the space is purely a contractible space, like Minkowski spacetime. However it has a nontrivial contribution when there is a compact sector of the target space.
As this action is a particular case of (1), it is invariant under reparametrizations of the worldvolume (2) and κ-symmetry (3), but also under super-Poincare transformations given by
In order to proceed with the physical analysis of the supermembrane we will pass to the LightCone coordinates. We will denote the transverse coordinates by X a with a = 1, .., 9. Then we can make a partial use of the worldvolume reparametrizations and the κ-symmetry to perform the following gauge fixings
Using now this expressions and following the same procedure applied in [4] we find that the Hamiltonian density is given by
where
This hamiltonian density is subject to the following primary constrains
It is an easy calculation to verify that there are no secondary constraints in the theory. Now, we can use the tensor gauge transformation of the three from to fix the gauge C +− = 0 , C −ab = constant. Nevertheless this Hamiltonian density has an explicit and non trivial dependence on the X − variable, which is not desirable. In fact if we try to solve for X − in (27) this will lead us to non local expressions. This problem was reported for the first time in [5] .
In order to solve this problem, we propose the following transformation of the canonical variables
It can be shown, that this transformation does preserve all the Poisson brackets and also satisfy
Then we can conclude that this is a canonical transformation. In this new canonical variables the Hamiltonian density is given bŷ
subject to the constraintsΦ
Although the fermionic constraint change it structure after we perform the canonical transformation, it is easy to see that the Poisson Bracket with itself remain invariant. Finally we can also fix the gauge
which, together with the definitions of the zero modeŝ
allow to us find the mass operator of the supermembrane in this background,
where the prime indicates that we are excluding the zero modes contribution and we are considering that θ ′ is single-valued, even in a compactified target-space. The fact thatθ 0 does not appear in the mass operator has a very important consequence for the theory, that where discussed in detail in [4] . In that work the authors used zero modes independence in the mass operator to prove that, if there exist a massless states for the supermembrane, it would be the massless supermultiplet of the eleven dimensional supergravity.
Consistency of the background
It may be questioned if G µν = η µν with C µνρ = constant = 0 is a background consistent with supergravity. This background was already considered in [6] . Let us consider the bosonic action of supergravity in d = 11 [7] , the equation of motion for the elfbein is [8] 
and, is easy to see that the scalar curvature is given by R = 1 36 F ρσλτ F ρσλτ . As the bosonic components of the super 3 form are set to constant, therefore the field strength F = dC is zero. We have then, that the equation of motion can be written as R µν = 0 , and we have that the vacuum solution must be Minkowski in 11 dimensions. It can be verified that this is not only a maximally symmetric space, but a maximally supersymmetric space [9] , because of the vanishing condition for the field strength.
Discussion
We present in this work the action for a supermembrane evolving in a target space with constant bosonic 3-form. The consequences of this study acquire relevance in the case where there are compactified dimensions in the target space, we considered in our analysis M 9 × T 2 . This study enable us to obtain the Hamiltonian of the supermembrane in this particular background. We found the same problem reported in [5] with respect to the nontrivial dependence of the Hamiltonian on the variable X − . We solved this problem by performing a canonical transformation, which eliminates the X − dependence in the Hamiltonian by solving the first class constraint of the theory. We found in the usual way X − in terms of the physical degrees of freedom. Once the Hamitonian is expressed in terms of these variables, we compute the Mass operator of the theory and we find that it does not depend of the zero modes of the theory.
Using this new well defined Hamiltonian it is possible to study in further detail the properties of the supermembrane in a constant curved background, like for example, the asymptotic coupling to the solution of supergravity in eleven dimensions obtained in [6] with a M2-brane acting as a source.
